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Photonic cat states stored in high-Q resonators show great promise for hardware efficient universal
quantum computing. We propose an approach to efficiently prepare such cat states in a Kerr-
nonlinear resonator by the use of a two-photon drive. Significantly, we show that this preparation
is robust against single-photon loss. An outcome of this observation is that a two-photon drive can
eliminate undesirable phase evolution induced by a Kerr nonlinearity. By exploiting the concept
of transitionless quantum driving, we moreover demonstrate how non-adiabatic initialization of cat
states is possible. Finally, we present a universal set of quantum logical gates that can be performed
on the engineered eigenspace of such a two-photon driven resonator and discuss a possible realization
using superconducting circuits. The robustness of the engineered subspace to higher-order circuit
nonlinearities makes this implementation favourable for scalable quantum computation.
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INTRODUCTION
Characterized by photon-photon interaction, Kerr-
nonlinear resonators (KNR) display very rich physics and
are consequently the focus of much theoretical and exper-
imental work [1]. These nonlinear oscillators exhibit bi-
furcation [2], can be used to generate squeezed radiation
and for quantum limited amplification [3, 4], and have
been proposed as a resource for quantum logic [5]. More-
over, a KNR initialized in a coherent state evolves to a
quantum superposition of out-of-phase coherent states,
also known as a cat state [6]. In practice, Kerr nonlin-
earities K in atomic systems are, however, often small
in comparison to photon loss rate κ [7], making the ob-
servation of these non-classical states of light difficult.
As an alternative approach, strong photon-photon inter-
action can readily be realized in superconducting quan-
tum circuits, with K/κ ∼ 30 demonstrated experimen-
tally [8]. This has led to the observation of cat states
in the transient dynamics of a KNR realized by coupling
a superconducting qubit to a microwave resonator [8].
These photonic cat states play an important role in un-
derstanding the role of decoherence in macroscopic sys-
tems [9], in precision measurements [10] and are useful
for quantum computation [11, 12]. However, because of
their sensitivity to undesirable interactions and photon
loss, high-fidelity preparation and manipulation of these
states is challenging.
To address this problem, new ideas building on en-
gineered dissipation and taking advantage of the strong
nonlinearities that are possible with superconducting cir-
cuits have recently been explored theoretically and ex-
perimentally [13–18]. One such approach, known as the
qcMAP gate, relies on the strong dispersive qubit-field
interaction that is possible in circuit QED [19] to trans-
fer an arbitrary state of a superconducting qubit into
a multi-legged cat state [13, 15, 17]. This method is,
however, susceptible to single-photon loss that decoheres
the cat. This loss also reduces the amplitude of the cat,
something that must be compensated for by re-pumping
in order to avoid significant overlap between the coher-
ent states [13, 15]. A second approach exploits engineered
two-photon dissipation realized by coupling a supercon-
ducting qubit to two microwave cavities [14, 20]. In the
absence of single-photon loss, the steady-state of the field
is a cat state whose parity depends on the initial num-
ber state of the field. To preserve coherence of the cat,
an important experimental challenge is that the rate of
single-photon loss must be much smaller than the rate of
two-photon loss.
In this paper we propose an experimentally simple
alternative approach to encode and stabilize cat states
based on two-photon driving of a KNR. This method
takes advantage of the fact that the coherent states |±α〉
and, consequently the cat states |C±α 〉 = N±α (|α〉 ± |−α〉)
with N±α = 1/
√
2(1± e−2|α|2), are degenerate eigen-
states of the KNR under two-photon driving. Remark-
ably, this property holds true even in the presence of
single-photon loss making this protocol particularly ro-
bust and obviating the need for energy re-pumping.
Moreover, in contrast to the above-mentioned scheme,
cat state preparation with this approach does not require
dissipation but rather relies on adiabatically turning on
the two-photon drive, the number state |0/1〉 evolving
into |C+/−α(t) 〉. We find that the fidelity of this preparation
approaches unity when the Kerr nonlinearity K is large
with respect to the photon loss rate κ, something that is
easily realized in current circuit QED experiments. By
exploiting the concept of transitionless quantum driving,
we show that rapid, non-adiabatic cat state preparation
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2is possible by controlling the amplitude and phase of the
two-photon drive [21].
While large Kerr nonlinearities can be used to pro-
duce cat states, it also leads to undesired deformations
of these states [6, 8]. This deformation is problematic for
qubit-based schemes because of the spurious Kerr non-
linearity inherited by the field from the qubit [22, 23].
This affects, for example, the qcMAP protocol where
the qubit-induced Kerr nonlinearity leads to undesirable
phase evolution and distortion of the cat state. Although
this deterministic phase evolution can be corrected with
qubit-induced-gates, this exposes the field to the deco-
herence channel of the qubit [24]. Moreover, in the pres-
ence of photons loss, this phase evolution leads to non-
deterministic phase errors [18]. We show how the addi-
tion of a two-photon drive of appropriate amplitude and
phase during the qcMAP cancels this distortion and the
corresponding dephasing.
Taking advantage of the engineered subspace of a two-
photon driven KNR, we consider a universal set of gates
for an encoding where the coherent states {|+α〉, |−α〉}
are mapped to the logical states {|0¯〉, |1¯〉}. This mapping
is possible because of the quasi-orthogonality of coher-
ent states for large α [14]. We show that high-fidelity
operations can be realized with realistic parameters. Fi-
nally, we discuss realizations based on superconducting
Josephson parametric amplifiers which allow the imple-
mentation of a two-photon drive along with a Kerr non-
linearity. This simple setup is attractive for building a
large scale quantum computing architecture.
RESULTS
Our starting point is the two-photon driven KNR
Hamiltonian in a frame rotating at the resonator fre-
quency
Hˆ0 = −Kaˆ†aˆ†aˆaˆ+ (Epaˆ†2 + E∗p aˆ2). (1)
In the above expression, K is the amplitude of the Kerr
nonlinearity and Ep the amplitude of the two-photon
drive. The above Hamiltonian, known as the Cassinian
oscillator Hamiltonian [25], can be re-written as
Hˆ0 = −K
(
a†2 − E
∗
p
K
)(
a2 − Ep
K
)
+
|Ep|2
K
. (2)
This form of the Hamiltonian illustrates that the two
coherent states |±α〉 with α = (Ep/K)1/2, which are
the eigenstates of the annihilation operator aˆ, are also
degenerate eigenstates of Eq. (1) with energy |Ep|2/K.
Equivalently, the even-odd parity states |C±α 〉 are also the
eigenstates of Hˆ0. This argument can be generalized to
Hamiltonians of the form −Kaˆ†naˆn+(Epaˆ†n+E∗p aˆn) that
have a set of n coherent states as degenerate eigenstates
(see Methods).
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FIG. 1. Steady-state Wigner function of a two-photon driven
KNR with |K|/κ = 1/8 and (a) Ep = 16K, K > 0 and (b)
Ep = 4K, K < 0, corresponding to κ/8|Kα20| ∼ 1/16 and
∼ 1/4 respectively. The white circles indicate the expected
position of the coherent states following Eq. (3).
In the presence of single-photon loss, the resonator
state evolves according to the master equation ˙ˆρ =
−i(Hˆeff ρˆ − ρˆHˆ†eff) + κaˆρˆaˆ†, with the non-Hermitian ef-
fective Hamiltonian Hˆeff = Hˆ0− iκaˆ†aˆ/2 [26]. While the
steady-state of this master equation can be obtained an-
alytically [27, 28], it is simple to show (see Methods) that
for κ/8|Kα20|  1 the coherent states |±α0〉 = |±r0eiθ0〉
are degenerate eigenstates of Hˆeff with
r0 =
(
4Ep2 − κ2/4
4K2
)1/4
, tan 2θ0 =
κ√
16E2p − κ2
. (3)
This reduces to the eigenstates of Hˆ0 in the absence of
photon loss. The angle θ0 is determined by Ep, with
θ0 < 0 (θ0 > 0) for Ep > 0 (Ep < 0). The last term
of the master equation, κaρˆa†, induces nondeterministic
quantum jumps between the even and the odd parity cat
states, |C+α0〉 and |C−α0〉, leading to decoherence, but not
to leakage out of the degenerate subspace {|C±α0〉}. In
steady-state, the density matrix therefore takes the form
ρˆs = (|α0〉〈α0|+ |−α0〉〈−α0|)/2 [27, 28] (see Methods).
Figure 1 shows the steady-state Wigner function for
κ/8|Kα20| ∼ 1/4 and ∼ 1/16 obtained by numerical inte-
gration of the master equation [29, 30]. Even for the
relatively large value of κ/8|Kα0|2 ∼ 1/16 shown in
panel a), the steady-state approaches the ideal case ρˆs
with a fidelity of 99.91%. As expected and evident from
Fig. 1(b), the coherent states are deformed at the larger
value of κ/8|Kα0|2 ∼ 1/4 and the fidelity with respect
to the ideal steady state is reduced to 96.55%. These
numerical results confirm that, even in the presence of
single-photon loss, it is possible to confine the state of
the resonator to the manifold of coherent states |±α0〉.
Although the photon loss channel remains the dominant
source of error, the resonator can also have small amount
of dephasing noise, which can cause jumps between |α0〉
and |−α0〉. With this bit-flip rate decreasing exponen-
3tially with α0 [14] (see also Supplementary Information
S2), this channel is neglected here.
Adiabatic initialization of cat states:
Going beyond steady-states, we now describe a proto-
col to deterministically prepare cat states. The vacuum
|n = 0〉 and the single-photon Fock state |n = 1〉 are the
two-degenerate eigenstates of the undriven KNR. Under
the application of a time-dependent two-photon drive
Ep(t), the instantaneous eigenstates of the system are
the degenerate states |±α0(t)〉 (or equivalently |C±α0(t)〉),
where α0(t) is given by Eq. (3). Since the two-photon
drive preserves parity, under adiabatic increase of Ep(t),
the vacuum state |0〉 evolves to the even parity cat state
|C+α0(t)〉 while the single-photon Fock state evolves to the
odd parity cat state |C−α0(t)〉 (see Supplementary Infor-
mation S3 for the evolution of the energy spectrum). To
demonstrate this deterministic preparation, we take as
an example Ep(t) = E0p [1 − exp(−t4/τ4)] such that for
t  τ , Ep(t) ∼ E0p = 4K with τK = 5 to satisfy the
adiabatic condition. Without photon loss, the fidelity of
the resulting cat state at t = 6.5/K is 99.9% while for
K/κ = 250 [31] the fidelity at t = 6.5/K is reduced to
98.3%.
High-fidelity nonadiabatic initialization:
To speed up the adiabatic preparation described
above, we follow the approach of transitionless driv-
ing [21, 32, 33]. This technique relies on introduc-
ing an auxiliary counter-adiabatic Hamiltonian, Hˆ ′(t) =
i[|ψ˙n(t)〉〈ψn(t)| − |ψn(t)〉〈ψ˙n(t)|], chosen such that the
system follows the instantaneous eigenstate |ψn(t)〉 of
the system Hamiltonian Hˆ0(t) even under nonadiabatic
changes of the system parameters. This idea has been
experimentally demonstrated with Bose-Einstein conden-
sates in optical lattices [34] and nitrogen vacancy centres
in diamonds [35]. Here, to prepare the even parity cat-
state |C+α0(t)〉, the required counter-adiabatic Hamiltonian
is
Hˆ ′(t) = i
α˙0(t)
N−α0(t)
[
aˆ†|C−α0(t)〉〈C
+
α0(t)
| − |C+α0(t)〉〈C
−
α0(t)
|aˆ
]
.
(4)
While exact, this does not correspond to an easily realiz-
able Hamiltonian. It can, however, be approximated to
(see Methods),
Hˆ ′(t) ∼ i α˙0(t)N−α0(t)[1 + 2α0(t)]
(aˆ†2 − aˆ2), (5)
which can be implemented with an additional two-photon
drive orthogonal to Ep(t). As an illustration of this
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FIG. 2. Wigner function for a KNR initialized in vacuum
|0〉 and driven by (a) a single parametric drive Ep = E0p [1 −
exp(−t4/τ4)] (b) with two orthogonal parametric drives, Ep =
E0p [1 − exp(−t4/τ4)] and E ′p(t) = iα˙0(t)N−α0(t)/(1 + 2α0(t)),
where α0(t) =
√Ep(t)/K. The Wigner function is plotted at
time t = 1.37τ , with τ = 1/K, E0p = 4K. Without the auxil-
iary drive E ′p the non-adiabatic driving of the system results in
an imperfect cat state. However, the auxiliary drive induces
counter-adiabatic terms, resulting in near perfect initializa-
tion of the cat state. At t = 1.3τ , the fidelity with respect to
|C+2 〉 is 99.9% for κ = 0 and 99.5% for K/κ = 250.
method, we reconsider the example presented in the pre-
vious section now with the much shorter evolution time of
τ = 1/K. As shown by the Wigner function in Fig. 2(a),
without the additional two-photon drive of Eq. (5), the
state at time t = 1.37/K is highly distorted. On the other
hand, and as illustrated in Fig. 2(b), initialization with
the appropriate auxiliary orthogonal two-photon drive
leads to cat-state fidelities of 99.9% with κ = 0 and 99.5%
with κ = K/250. In other words, we find that the proto-
col is made ∼ 5 times faster by the addition of the orthog-
onal drive, thereby improving the fidelity in the presence
of single-photon loss. These results, obtained with the
analytical expression of Eq. (5), can be further improved
upon using numerical optimal control [36]. For example,
using the approach recently described in Ref. [37], we
find that cat states can be initialized in times as short as
0.3/K with fidelity 99.995% (see Supplementary Infor-
mation S4). Adiabatic cat state preparation with two-
photon driving was also investigated in a noiseless ideal-
ized KNR [38, 39]. These previous studies lack the crucial
examination of eigenspace distortion that arise, as will be
discussed below, during gate operations and fall short of
accounting for higher-order nonlinearities that exist in
realistic physical implementations.
Realization with superconducting circuits:
One standard approach to realize a two-photon driven
Kerr-nonlinear resonator is to terminate a λ/4 microwave
resonator with a flux-pumped SQUID, a device known as
a Josephson parametric amplifier [40–42] (see also Sup-
plementary Information S5). The non-linear inductance
of the SQUID induces a Kerr nonlinearity and a two-
photon drive is introduced by the modulation of the flux-
pump at twice the resonator frequency. As an illustra-
tive example, with a realistic JPA Kerr-nonlinearity of
4K/2pi = 750 KHz it is possible to encode a cat state
with α0 = 2 in a time 0.3/K = 63.6 ns using the tran-
sitionless driving approach with numerically optimized
pulse shape. We have, moreover, simulated the cat state
initialization protocol under the exact Hamiltonian of a
JPA including the full Josephson junction cosine poten-
tial. As discussed in the Supplementary Information S5,
the results are essentially unchanged showing that the
strong state confinement to the coherent states |±α0〉 is
also robust against higher-order nonlinearities that will
arise in a circuit implementation of these ideas. An alter-
native realization of the two-photon driven KNR is based
on a 3D microwave cavity coupled to a Josephson junc-
tion. The non-linear inductance of the junction induces
a Kerr nonlinearity, while a microwave drive on the junc-
tion at the 3D cavity frequency introduces the required
two-photon drive [14, 20].
We note that the engineered dissipation approach of
Refs. [14, 20] also relies on a two-photon drive to achieve
confinement to the subspace of two coherent states with
opposite phases. There, the two-photon drives is used
to induce two-photon loss at a rate κ2ph. This rate
must be made large with respect to the single-photon loss
rate κ for high fidelity initialization of cat states, some-
thing which is challenging experimentally. In contrast,
the present approach does not rely on dissipation but
rather takes advantage of the large Kerr-nonlinearity K
that is easily realized in superconducting quantum cir-
cuits. Even in the presence of two-photon loss, robust
confinement is obtained if K > κ2ph, a condition that is
easily satisfied in practice.
Stabilization of cat states against Kerr induced
rotation and dephasing:
Even with high-fidelity cat state preparation, it is im-
portant to limit the unwanted phase evolution and de-
phasing arising from Kerr nonlinearity and single-photon
loss. We now illustrate, with two examples, how a two-
photon drive of appropriate amplitude and phase can cor-
rect this unwanted evolution. First consider a resonator
deterministically initialized to |C+α 〉. Figure 3(a-c) illus-
trates the evolution of this initial state in the absence of
two-photon drive. Kerr nonlinearity leads to determinis-
tic deformation of the state [6, 8] which, in the presence
of single-photon loss, also induces additional dephasing.
This results in a reduction of the contrast of the Wigner
function fringes, a reduction of the separation of the cat
components and a broadening of these components. As
a result, the fidelity of |C±α 〉 decreases faster in a KNR
than in a linear resonator (see Supplementary Informa-
tion S9). While the deterministic phase rotation can be
accounted for and corrected in a simple way, this is not
the case for Kerr-induced dephasing [24]. Fig. 3(d-f) il-
lustrates the same initial cat state now stabilized against
(f)
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FIG. 3. Wigner functions at different times for a lossy KNR
initialized to |C+2 〉 without (a-c) and with (d-f) two-photon
driving. K/κ = 20 and Ep ∼ 4K.
Kerr-induced rotation and dephasing by the application
of a two-photon drive. This drive is chosen such that
its amplitude Ep satisfies Eq. (3). The confinement in
phase space provided by the two-photon driven KNR pre-
vents amplitude damping of the stabilized coherent states
|±α0〉. As a result, the cat state fidelity in this system de-
creases more slowly in time that in a linear resonator. As
a simple extension, we also find that it is possible to sta-
bilize coherent states against Kerr-induced rotation and
dephasing (see Supplementary Information S1). These
somewhat counterintuitive results shows that, even in the
presence of loss, a Gaussian drive (i.e. two-photon drive)
can completely remove the highly non-Gaussian effect of
a Kerr nonlinearity.
As a second example, we consider the qcMAP gate for
cat state preparation, a protocol that relies on the strong
dispersive qubit-resonator interaction that is realized in
circuit QED [13]. In practice, this strong interaction is
accompanied by a qubit-induced Kerr nonlinearity of the
field [22, 23]. As a result, even at modest α, cat states
suffer from deformations [15]. This effect is illustrated
in Fig. 4(a,b) which shows the cat state obtained from
qcMAP under ideal dispersive interaction (ignoring any
Kerr nonlinearities) and under the full Jaynes-Cummings
Hamiltonian, respectively. Distortions are apparent in
panel b) and the fidelity to the ideal cat is reduced to
94.1%. In contrast, Fig. 4(c) shows the same Wigner
function prepared using the qcMAP protocol with the
full Jaynes-Cummings interaction and an additional two-
photon drive. The resulting fidelity is 99.4%, approach-
ing the fidelity of 99.8% obtained under the ideal, but not
realistic, dispersive Hamiltonian. The amplitude of the
two-photon drive was optimized numerically to take into
account the qubit-induced Kerr nonlinearity (see Supple-
mentary Information S10).
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FIG. 4. Wigner function of final state under qcMAP gate with
(a) ideal dispersive Hamiltonian, (b) full Jaynes-Cummings
Hamiltonian and (c) full Jaynes-Cummings Hamiltonian and
two-photon drive.
Universal quantum logic gates:
Following the general approach of Ref. [14], we now
turn to the realization of a universal set of gates in the
two-photon driven KNR. Taking advantage of the quasi-
orthogonality of coherent states for large α, both the
{|C±α0〉} and the {|±α0〉} basis can be used as logical
states. Here, we choose the latter which we will now
refer to as {|0¯〉, |1¯〉}. With this choice, a logical Z rota-
tion can be realized by lifting the degeneracy between |0¯〉
and |1¯〉 using a single-photon drive in combination to Hˆ0:
Hˆz = Hˆ0 +Ez(aˆ†+ aˆ). For |Ez|  |4Kα30| and Ep real, the
only effect of this additional drive is to lift the degeneracy
by δz = 4Ezα0 (Supplementary Information S6). Indeed,
in the space spanned by {|0¯〉, |1¯〉}, the single-photon drive
Hamiltonian can be expressed as I¯Ez(aˆ† + aˆ)I¯ = δzσ¯z/2,
where I¯ = |0¯〉〈0¯|+ |1¯〉〈1¯| and σ¯z = |0¯〉〈0¯|− |1¯〉〈1¯|. Numer-
ical simulations of this process for a time τ = 1/δz, corre-
sponding to the gate Rˆz¯(pi), with the resonator initialized
to |C+α0〉 and the choices Ep = 4K, Ez = 0.8K leads to a
fidelity of 99.9% with κ = 0 and 99.5% for K/κ = 250.
Increasing Ez, so that the condition |Ez|  |4Kα30| is no
longer satisfied, distorts the eigenstates and as a conse-
quence the fidelity of the gate decreases. The dependence
of the gate fidelity on the strength of the single pho-
ton drive is examined further in Supplementary Informa-
tion S8. A similar scheme for single-qubit rotation has
been proposed for resonators with engineered two-photon
loss [14]. However, this requires the drive strength to be
significantly smaller than the two-photon loss rate which
is typically of the order of 50 − 100 kHz [20], thereby
leading to long gate times.
The strong state confinement resulting from the two-
photon driven KNR prevents population transfer be-
tween the two logical states, making it difficult to imple-
ment X rotations. One approach to implement Rˆx¯(pi/2)
is to temporarily remove the two-photon drive and let the
state evolve under the Kerr Hamiltonian [14]. Alterna-
tively, an arbitrary Rˆx¯(θ) can be realized by introducing a
detuning between the two-photon drive and the resonator
corresponding to the Hamiltonian Hˆx = Hˆ0 + δxaˆ
†aˆ. For
δx  2Ep (Supplementary Information S7), this can be
understood by projecting the number operator in the log-
ical basis: I¯ aˆ†aˆI¯ = |α0|2I¯ − |α0|2e−2|α0|2 σ¯x. Despite the
exponential reduction with α0 of the effective Rabi fre-
quency, high-fidelity rotations can be achieved. Numeri-
cal simulations on a resonator initialized to |0¯〉 and for a
time τ = pi/(4δx|α0|2e−2|α0|2), corresponding to the gate
Rˆx¯(pi/2), leads to a fidelity of 99.7% for κ = 0 and 98.6%
for K/κ = 250 with Ep = K and δx = K/3. Similarly to
the Z rotations, the fidelity of the X gate also decreases
if the condition δx  2Ep is not met (see Supplementary
Information S8).
To complete the set of universal gates, an entangling
gate between the field stored in two distinct resonators, or
alternatively two modes of a single resonator, is needed.
From the discussion on the Rˆz¯(θ) gate, it follows that
a σ¯z1σ¯z2 interaction between the two fields is obtained
by linearly coupling the two-photon driven KNRs, the
Hamiltonian now reading Hˆzz = Hˆ01 + Hˆ02 + Ezz(aˆ†1aˆ2 +
aˆ1aˆ
†
2). To simplify the discussion, the two resonators are
assumed to be identical with Hˆ0i = −Kaˆ†2i aˆ2i + Ep(aˆ†2i +
aˆ2i ). Expressed in the logical basis, the bilinear cou-
pling Hamiltonian takes the desired form δzzσ¯z1σ¯z2, with
δzz = 4Ezz|α0|2. In order to demonstrate this gate, we
simulate the master equation under Hˆzz with the res-
onators initialized to the product state |C+α0〉 ⊗ |C+α0〉 andEp = 4K, Ezz = K/5. As expected, the initial product
state is transformed to the maximally entangled state
(|0¯, 0¯〉+i|0¯, 1¯〉+i|1¯, 0¯〉+|1¯, 1¯〉)/2 at t = pi/2δzz with fidelity
F = 99.99% for κ = 0 and F = 94% for K/κ = 250.
Supplementary Information S8 examines the fidelity de-
pendence on the strength of the two-photon drive. Simi-
lar approaches for Z rotations and entangling gate have
been presented before [39], however without the crucial
analysis of the restrictions on the amplitude of the single-
photon drive and strength of the single-photon exchange
coupling.
DISCUSSION
To summarize, we have shown that, in the presence of
a two-photon drive, the eigenspace of a KNR can be engi-
neered to be two out-of-phase coherent states that are ro-
bust against single-photon loss. This quantum state engi-
neering offers a practical way to correct the undesirable
effects of Kerr nonlinearity in applications such as the
6qcMAP gate. We have also described protocols for fast-
high fidelity initialization and manipulation cat states for
quantum information processing. This approach offers
significant improvements over previous techniques based
on dispersive qubit-resonator interactions or reservoir en-
gineering. These results suggest a minimal approach to
prepare and manipulate cat states of the field of a mi-
crowave resonator using only a Josephson parametric am-
plifier and are of immediate practical importance for real-
ization of a scalable, hardware efficient platform for quan-
tum computation. Furthermore, the observation that
n coherent states are the degenerate eigenstates of the
Hamiltonian Hˆ = −Kaˆ†naˆn + Ep(a†n + an) provides an
approach for initializing n-component cat states. Such a
Hamiltonian could be implemented with a JPA, in which
the cosine potential of a Josephson junction supplies the
required nonlinearity and flux modulation through the
SQUID loop at n−times the resonator frequency triggers
the n-photon drive. Our work opens new directions for
the JPA as a powerful device for implementing quantum
algorithms based on multi-component cats.
METHODS
Eigenstates of the n-photon driven Hamiltonian:
Consider the Hamiltonian
Hˆn = −Kaˆ†naˆn + (Epaˆ†n + E∗p aˆn)
= −K
(
aˆ†n − E
∗
p
K
)(
aˆn − Ep
K
)
+
|Ep|2
K
.
(6)
The second form makes it clear that the coherent state
|α〉 with αn−Ep/K = 0 is an eigenstate of Hˆn. Thus, in
general, there are n coherent states that are the degen-
erate eigenstates of Hˆn with energy |Ep|2/K.
Effective Hamiltonian and steady-state:
Under single-photon loss, the system’s master equation
takes the form [26]
˙ˆρ = −i(Hˆeff ρˆ− ρˆHˆ†eff) + κaˆρˆaˆ†, (7)
where Hˆeff = Hˆ0 − iκaˆ†aˆ/2 and Hˆ0 = −Kaˆ†aˆ†aˆaˆ +
(Epaˆ†2 + E∗p aˆ2). Under displacement transformation
D(α0) = exp(α0aˆ
† − α0aˆ), Hˆeff reads
Hˆ ′eff = D
†(α0)HˆeffD(α0)
=
[
(−2Kα20α∗0 + 2Epα∗0 − i
κ
2
α0)aˆ
† + h.c.
]
+
[
(−Kα20 + Ep)aˆ†2 + h.c.
]− 4K|α|2aˆ†aˆ
− iκ
2
aˆ†aˆ−Kaˆ†2aˆ2 − (2Kα0aˆ†2a+ h.c.),
(8)
where we have dropped the constant term E =
−K|α0|4 + E∗pα20 + Epα∗20 − iκ|α0|2/2 that represents a
shift in energy of the non-Hermitan effective Hamilto-
nian. We take α0 to satisfy
−2Kα20α∗0 + 2Epα∗0 − i
κ
2
α0 = 0, (9)
such as to cancel the first line of Hˆ ′eff which now reads
Hˆ ′eff = [(−Kα20 + Ep)aˆ†2 + h.c.]− (4K|α0|2 + i
κ
2
)aˆ†aˆ
−Kaˆ†2aˆ2 − 2Kα0aˆ†2a− 2Kα∗0aˆ†aˆ2.
(10)
Eq. (9) is satisfied for α0 = 0, ±r0eiθ0 where
r0 =
(
4Ep2 − κ2/4
4K2
)1/4
,
θ0 =
1
2
tan−1
 κ√
16E2p − κ2
 . (11)
For α0 = 0, the first two terms of Eq. (10) represent
a near resonant parametric drive of strength Ep. This
results in large fluctuations making the system unstable
around α0 = 0. On the other hand, for α0 = ±r0eiθ0 ,
the displaced effective Hamiltonian can be rewritten as
Hˆ ′eff =
1
2
[
i
κα0
2α∗0
aˆ†2 + c.c.
]
− (4K|α0|2 + iκ
2
)aˆ†aˆ
−Kaˆ†2aˆ2 − 2Kα0aˆ†2a− 2Kα∗0aˆ†aˆ2.
(12)
The first two terms of Eq. (12) now represent a paramet-
ric drive whose amplitude has an absolute value of κ/2
and is detuned by 4K|α0|2 + iκ/2 ≈ 4K|α0|2. In other
words, the effect of single-photon loss κ is to squeeze the
field around α0 = ±r0eiθ0 leading to increased quantum
fluctuations. For κ  8K|α0|2, the resulting fluctua-
tions are, however, small and |0〉 remains an eigenstate
in the displaced frame. This implies that, back in the lab
frame, |±α0〉 are the degenerate eigenstates of Hˆeff . As a
result, ρˆs = (|α0〉〈α0| + |−α0〉〈−α0|)/2 is a steady-state
of Eq. (7). It is, moreover, the unique steady-state of
this system since only the two eigenstates |±α0〉 of the
effective Hamiltonian are also invariant under the quan-
tum jump operator aˆ [43]. Following the analysis here,
it is also possible to characterize the effect of, for exam-
ple, single-photon drive, detuning, etc (see Supplemen-
tary Notes).
Cat state decoherence under single-photon loss:
In the previous section, we saw that the coherent states
|±α0〉 are eigenstates of the two-photon driven KNR even
in the presence of single-photon loss. However, this loss
channel results in decoherence of superpositions of these
two states, i.e. of cat states. Indeed, the last term of
7the master equation Eq. (7), κaρˆa†, transforms the even
parity cat state |C+α0〉 to the odd parity cat state |C−α0〉 and
vice-versa. This results in decoherence and reduction in
the contrast of the Wigner function fringes. The rate of
this phase decay is given by γ = κ|α0 − (−α0)|2/2 =
2κ|α0|2.
Consider for example the cat state initialization pro-
tocol with Ep = E0p [1 − exp(−t4/τ4)] and E0p = 4K
so that α0(t) = 2
√
[1− exp(−t4/τ4)]. The phase er-
ror during this initialization can be estimated to be
exp(−2 ∫ κ|α0(t)|2dt) = 0.016, resulting in a fidelity of
98.4%. This estimate compares very well with the numer-
ically estimated fidelity quoted earlier in the manuscript
(98.3%).
Additional Hamiltonian for faster than adiabatic
initialization of cat state
Consider the exact Hamiltonian in Eq. (4) required
for transitionless quantum driving. At short times
t ∼ 0, we have that α0(t) ∼ 0 and as a re-
sult |C+0 〉 ∼ |n = 0〉 and |C−0 〉 ∼ |n = 1〉. There-
fore,
[
aˆ†|C−α0(t)〉〈C
+
α0(t)
| − |C+α0(t)〉〈C
−
α0(t)
|aˆ
]
∼ [aˆ†|1〉〈0| −
|0〉〈1|aˆ] ∼ aˆ†2 − aˆ2. On the contrary, at long time
the coherent states become quasi-orthogonal and a sin-
gle photon jump leads to the transition between even
and odd photon number cat states. This suggests
that if α0(t)  1, it is possible to approximate[
aˆ†|C−α0(t)〉〈C
+
α0(t)
| − |C+α0(t)〉〈C
−
α0(t)
|aˆ
]
∼ (aˆ†2− aˆ2)/2α0(t)
in the restricted coherent state basis. Therefore, in or-
der to reconcile both short and long time behaviour,
we choose,
[
aˆ†|C−α0(t)〉〈C
+
α0(t)
| − |C+α0(t)〉〈C
−
α0(t)
|aˆ
]
∼ (aˆ†2−
aˆ2)/[1 + 2α0(t)] to obtain Eq. (5).
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I. STABILIZATION OF COHERENT STATES IN A TWO-PHOTON DRIVEN KNR
In the manuscript (section Methods) it was shown that ρˆs = (|α0〉〈α0|+ |−α0〉〈−α0|)/2 is the unique steady-state
of a two-photon driven KNR. It is worth pointing out that, although this is the unique steady-state, the time for the
system to reach ρˆs can approach infinity as |α0| increases because 〈−α0|α0〉 = exp(−2|α0|2) ∼ 0. As a result, a system
initialized in the state a|α0〉+ b|−α0〉 will evolve to |a|2|α0〉〈α0|+ |b|2|−α0〉〈−α0| only after a long time t 1/κ if α0
is large.
As a corollary to the above discussion, we find that the two-photon driven KNR initialized to either of the coherent
states |±α0〉, remains in that state even in the presence of single-photon loss, as long as α0 satisfies Eq. (11) in the
main text and κ  8K|α0|2. This is illustrated in Fig. S1, which shows the Wigner function obtained by numerical
integration of the master equation for the system initialized to the coherent state |α0〉 without [Fig. S1(a-c)] and with
[Fig. S1(d-f)] two-photon drive. We note that all simulations in this work were carried out with a standard master
equation solver [1, 2] and with Hilbert space size large enough to ensure negligible truncation errors. For example,
simulations with |α| = 1, 2, 4 were carried out with a Hilbert space size of N = 20, 40, 80 respectively.
II. EFFECT OF PHOTON DEPHASING AND TWO-PHOTON LOSS
In the main paper, we have not taken into account resonator dephasing and two-photon loss as they are typically
negligible compared to single-photon loss. However, to complete the analysis we briefly discuss their effects here.
A. Photon-dephasing
To take into account dephasing at a rate κφ, the master equation takes the form
˙ˆρ = −i(Hˆeff ρˆ− ρˆHˆ†eff) + κφaˆ†aˆρˆaˆ†aˆ, (S1)
with Hˆeff = Hˆ0− iκφaˆ†aˆaˆ†aˆ/2 = Hˆ0− iκφaˆ†2aˆ2/2− iκφaˆ†aˆ/2. This effective Hamiltonian is equivalent to the effective
Hamiltonan when κφ = 0 but with a Kerr nonlinearity K − iκφ/2 and single-photon loss κφ. Following the derivation
in the second section we find that the amplitude α0 must now satisfy
(−2K − iκφ)α20α∗0 + 2Epα∗0 − i
κφ
2
α0 = 0. (S2)
For κφ  4K|α0|2, the coherent states |±α0〉 are again the degenerate eigenstates of the system.
The action of the third term in the above master equation, aˆ†aˆρaˆ†aˆ, it to flip the state of the resonator from |α0〉
to |−α0〉 and vice-versa at a rate of κφ|α0|2e−2|α0|2 .
B. Two-photon loss
Two-photon loss, the process in which the system looses pairs of photons to the bath, often accompanies non-linear
interactions [3]. However, ordinarily, the rate of two-photon dissipation is small. The master equation in the presence
of such a loss (with rate κ2ph) takes the form
˙ˆρ = −i(Hˆeff ρˆ− ρˆHˆ†eff) + κ2phaˆ2ρˆaˆ†2, (S3)
where Hˆeff = Hˆ0 − iκ2phaˆ†2aˆ2/2. This expression implies that two-photon loss effectively acts as a Kerr-nonlinearity
of amplitude −iκ2ph/2. As a result, the degenerate eigenstates of the effective Hamiltonian become |±α〉 with
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FIG. S1. Time evolution of the Wigner function when the resonator is initialized to the coherent state |2〉 and κ = K/250.
In the absence of a parametric drive (a-c), the coherent state evolves under the Kerr Hamiltonian and will finally decay to
the vacuum state |0〉. With a parametric drive Ep ∼ 4K (d-e) (satisfying Eq. (11) in the main text), the initial state is the
eigenstate of the effective Hamiltonian and it remains in that state.
α =
√Ep/(K + iκ2ph/2). The two-photon jump operator, given by the second term in the above expression, does not
cause a phase-flip or spin-flip since aˆ2|±α〉 = α2|±α〉 and aˆ2|C±α 〉 = α2|C±α 〉. As a result, two-photon loss is, by itself,
not detrimental to cat state preparation. However, this deterministic phase rotation, in addition to non-deterministic
single-photon loss can lead to additional dephasing. With typical parameter such as the one described in the main
body of the paper and in section V of the supplement, κ2ph  K and dephasing is therefore negligible.
III. EIGENSTATES AND EIGENVALUES OF THE TWO-PHOTON DRIVEN KNR
Here we numerically evaluate the eigenstates and eigenenergies of the time-dependent KNR driven by a two-photon
process
Hˆ0(t) = Kaˆ
†aˆ†aˆaˆ− [Ep(t)aˆ†2 + Ep(t)∗aˆ2], (S4)
with Ep(t) = E0p [1 − exp(−t4/τ4)] so that Ep(t = 0) = 0, Ep(t) ∼ E0p = 4K for t  τ and τK = 5. This particular
time dependance was chosen to assure adiabaticity of the evolution. Other choices are possible and pulse shaping
techniques could lead to fidelity increases. We also note that the sign of the Kerr nonlinearity as changed with respect
to the main body of the paper.
We take K > 0 for which the ground states at t = 0 are the Fock states |0〉, |1〉 with energy E0 = E1 = 0. Under
adiabatic evolution, these degenerate ground states transform to the instantaneous eigenstates of the Hamiltonian,
|C±α0(t)〉 for t > τ with energy E0 = E1 = −Epα0(t)2 and α0 =
√Ep(t)/K. The eigenenergies of the ground, first
and second instantaneous eigenstates are plotted in Fig. S2(a). The figure also shows the simulated Wigner functions
corresponding to the instantaneous eigenstates at different times. Note that if K < 0 the states |0〉, |1〉 are excited
states of the initial undriven Kerr Hamiltonian. However as the two-photon drive amplitude increases these states are
slowly transformed to the eigenstates |C±α0(t)〉, which are eigenstates but not necessarily the ground states of Hˆ0(t).
Figure S2(b) illustrates the time dependence of the eigenenergies and eigenstates when K < 0 and E0p = 4K.
The eigenenergy spectrum illustrates that for adiabatic initialization of cat states in time τ , ∆minτ  1. Here
∆min is the minimum energy gap and, from Fig. S2, ∆min = 2K. It is possible to increase this gap and therefore
speed-up the initialization by introducing a time-dependent detuning δ(t) between the two-photon drive and the bare
resonator frequency. The initialization protocol is then carried out by increasing the two-photon drive strength and
decreasing the detuning from δ(0) = δ0 to δ(τ) = 0. The detuning given by the Hamiltonian δ(t)aˆ
†aˆ conserves parity
at all times (that is, it does not mix the even and odd parity cat states) and increases the minimum energy gap
during the adiabatic evolution, leading to a faster initialization. Consider for example a resonator subjected to the
time-dependent Hamiltonian, Hˆ(t) = −Kaˆ†aˆ†aˆaˆ + (t/τ)E0p [aˆ†2 + aˆ2] − δ0(1 − t/τ)aˆ†aˆ, with E0p = 4K, δ0 = 1.7K
and τ = 2K. The minimum energy gap during this evolution is ∆min = 4.3K. At t = 0, the Fock states are the
eigenstates, whereas at t = τ the eigenstates are the cat states |C±α0(t)〉. We find that such a resonator initialized to
30                          0.5                       1.0                        1.5                        2.0
10
5
0
-10
-15
-20
Degenerate ground states
First excited state
Second excited state
(a)
0                          0.5                       1.0                        1.5                        2.0
20
15
10
 0
-5
-10
Degenerate eigenstates
Other eigenstates
(b)
FIG. S2. Numerically evaluated eigenenergies and Wigner function of the first four eigenstates for (a) K > 0 (b) K < 0,
Ep(t) = E0p [1− exp(−t4/τ4)], E0p = 4K and τ = 5K.
vacuum evolves to the cat state |C+α0(t)〉 at t = τ with a fidelity of 99.9% for κ = 0, and 99.3% for κ = K/250. If, on
the other hand, δ0 = 0 and the initialization is carried out in a time τ = 2K, then the cat state fidelity is reduced
to 85.6% when κ = 0 and 84.9% when κ = K/250 because of non-adiabatic errors. As already mentioned, further
speed-ups could be obtained by pulse shaping techniques.
IV. PULSE OPTIMIZATION WITH GRAPE
An implementation of the Gradient Ascent Pulse Engineering (GRAPE) algorithm [4] was used to design the pulse
for fast cat state initialization using the non-adiabatic protocol described in the main text. Following the result of the
main text, fast initialization is achieved by evolution under the time dependent Hamiltonian Hˆ(t) = Hˆ0(t) + Hˆ
′(t),
with
Hˆ0(t) = −Kaˆ†2aˆ2 + Ep,x(t)(aˆ†2 + aˆ2), Hˆ ′(t) = iEp,y(t)(aˆ†2 − aˆ2). (S5)
Our GRAPE implementation allows the restriction of the two-photon drive Ep,y to zero at the beginning t = 0 and
end t = T of the protocol. The two-photon drive Ep,x is restricted to 4K at t = T to realize a stabilized cat C+2
at the end of the protocol. Furthermore, in order to allow only realistic drive amplitudes during the evolution, the
pulse amplitude is restricted such that |Ep,y|, |Ep,x| < 6K. The resulting pulse, optimized to yield the cat state C+2 at
t = T = 0.3/K is shown in Fig. S3. The fidelity of the resulting cat state is 99.95% and the time step is chosen so
that the time-scale for the modulation of the drive amplitude is realistic (≥ 1 ns).
V. IMPLEMENTATION OF THE ENCODING SCHEME IN CQED WITH A JOSEPHSON
PARAMETRIC AMPLIFIER
In this section, we present numerical simulations of the cat state preparation protocol with a Josephson parametric
amplifier (JPA). The Hamiltonian of a lumped element JPA is given by [5–7]
Hˆ(t) =
qˆ2
2C
− 2EJ cos
(
Φ(t)
φ0
)
cos
(
φˆ
φ0
)
, (S6)
where
qˆ = i
√
~Cωr
2
(aˆ† − aˆ), φˆ =
√
~
2Cωr
(aˆ† + aˆ) (S7)
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FIG. S3. Optimized pulse shapes using an implementation of the GRAPE algorithm [4] for Ep,x(t)/K (blue) and Ep,y(t)/K
(red) in order to initialize the cat state C+2 with high fidelity in time T = 0.3/K.
and φ0 = ~/2e is the flux quanta while Φ(t) = Φ + δΦ(t) is the classical flux through the SQUID loop. In our
simulations, this flux is modulated around Φ = 0.2φ0 at twice the resonator frequency ωr, δΦ(t) = δΦ0(t) cos(2ωrt).
In this expression, Φ0(t) represents the slowly varying envelope of the modulation. As already discussed, for cat state
initialization, Φ0(t) is chosen to adiabatically change from zero to a maximum amplitude.
Fourth-order expansion to map to Cassinian oscillator Hamiltonian
As usual, to map the above Hamiltonian to the Cassinian oscillator with time dependent two-photon drive, we
expand the cosine term to the fourth order and make the rotating wave approximation. The resulting Hamiltonian
is [7]
ˆ˜H = ~ωraˆ†aˆ−Kaˆ†2aˆ2 + Ep(aˆ†2e−2iωrt + aˆ2e2iωrt), (S8)
where we have defined
ωr = ω0
√
cos
(
Φ
φ0
)
cos
(
δΦ0(t)
φ0
)
, ω0 = 4
√
EJEC
~2
(S9)
K =
EC
2
, (S10)
Ep =
√
EJEC
2
sin
(
Φ
φ0
)
sin
(
δΦ0(t)
φ0
)
√
cos
(
Φ
φ0
)
cos
(
δΦ0(t)
φ0
) , (S11)
with EC = e
2/C the charging energy. The strength of the two photon drive is governed by the amplitude of δΦ0.
In practice, it cannot be made too large to avoid large change in the resonator frequency. As discussed in the main
text, in order to encode an even parity cat state the resonator is initialized to vacuum state at t = 0, followed by an
adiabatic increase in the two-photon drive amplitude. This is achieved by slowly increasing the amplitude of the flux
modulation which, for simplicity, is here chose as δΦ0(t) = δΦ0 × t/τ .
Exact simulation of the full Cosine potential
In order to account for higher-order effect or the rotating terms, we simulated the full Hamiltonian Eq. (S6) from
t = 0 to t = τ with δΦ0 = 0.04φ0. The Wigner function of the resulting density matrix at t = τ is shown in
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FIG. S4. The Wigner function of the cat state in the lab frame simulated using a realistic circuit of a resonator coupled to a
flux-modulated SQUID. The full Cosine potential given by Eq. (S6) is simulated here.
Fig. S4. From Eq. (15) and (16), the size of the cat state is related to α =
√Ep/K ∝ (EJ/EC)1/4. As a result,
initialization of large cat states requires large EJ/EC. However, as this ratio is increased, higher-order terms become
more important and can lead to reduction of the cat-state fidelity. Another consequence, as can be seen from Eq. (14),
is that the frequency of the resonator ∝ √EJEC must be at least a few GHz to avoid thermal excitations from the
bath. Keeping this in mind, we have used in our simulation the experimentally realistic parameters: EC/2pi = 1.5
MHz, EJ/2pi = 600 GHz so that the estimated frequency ωr/2pi = 3.75 GHz, nonlinearity K/2pi = 750 KHz and
two-photon drive strength Ep/2pi = 3.7 MHz. From simulations of the full Hamiltonian, we find that the cat state
|C+α 〉 with |α|2 = 4.8 is realized in time t = τ = 26.67 µs with a fidelity of 99.4%. In other words, for these realistic
parameters, the effect of higher-order terms appears to be minimal. Here and in the main paper, we have estimated
fidelities using F = Tr[
√
ρtargetρ
√
ρtarget]. We note that the rotation observed in Fig. S4 is due to the fact that this
simulation was realized in the laboratory frame.
VI. EFFECT OF SINGLE PHOTON DRIVE
In this section, we analyze a two-photon driven KNR with an additional single-photon drive. To simplify the
analysis, we take κ = 0. The Hamiltonian is given by
Hˆz = −Kaˆ†aˆ†aˆaˆ+ Ep(aˆ†2 + aˆ2) + Ezaˆ+ E∗z aˆ, (S12)
where the phase of the single photon drive is defined with respect to the two-photon drive. Under a displacement
transformation D(α0) the Hamiltonian reads
Hˆ ′z = [(−2Kα20α∗0 + 2Epα∗0 + Ez)aˆ† + h.c.]
+ [(−Kα20 + Ep)aˆ†2 + h.c.]− 4K|α|2aˆ†aˆ−Kaˆ†2aˆ2 − (2Kα0aˆ†2a+ h.c.),
(S13)
where we have dropped the constant term E = −K|α0|4 + Ep(α20 + α∗20 ) + E∗z α0 + Ezα0 representing a shift in energy.
For the coefficient of the aˆ, aˆ† terms to vanish, we take
−2Kα20α∗0 + 2Epα∗0 + Ez = 0, (S14)
such that
Hˆ ′z =
[−Ez
2α∗0
aˆ†2 + h.c.
]
− 4K|α0|2aˆ†aˆ−Kaˆ†2aˆ2 − 2Kα0aˆ†2a− (2Kα∗0aˆ†aˆ2 + h.c.). (S15)
Following the derivation in the manuscript (Methods), |0〉 is an eigenstate of Hˆ ′z except for the first term which
represents an off-resonant parametric drive of strength |Ez/2α∗0|, detuned by 4K|α0|2. For |Ez/α∗0|  4K|α0|2,
fluctuations around α0 are small and |0〉 remains an eigenstate in the displaced frame. Again following the Methods
section in the Manuscript, there are three solutions of Eq. (S18) which, for small Ez, are of the form −α0 + , 
6and α0 +  where α0 =
√Ep/K and  ∼ Ez/4Ep. Only two of these (α0 +  and −α0 + ) satisfy the condition
|Ez/α0|  4K|α0|2. The large quantum fluctuations around the third solution makes it unstable. As a result, in the
laboratory frame, the eigenstates of the system are |α0 + 〉 and |−α0 + 〉, where  is a small correction ( → 0 for
Ez  4Ep). In other words, the single-photon drive only slightly displaces the coherent components of the cat. From
the above expression of the energy E, it is however clear that the degeneracy between the eigenstates |α0 + 〉 and
|−α0 + 〉 is lifted by an amount δz = 4Re[Ezα0].
In the eigenspace spanned by |±α0〉, the single-photon drive can be written as δzσ¯z/2 + 2Im[Ezα∗0]e−2|α0|
2
σ¯x. If Ez
and Ep are real so that α0 is real, then Im[Ezα∗0] = 0 and hence the only effect of the single-photon drive is to lift the
degeneracy between |±α0〉 or the logical |0¯〉 and |1¯〉.
VII. EFFECT OF DETUNING
In this section we analyze the effect of detuning the two-photon drive from the resonator. The Hamiltonian is given
by
Hˆz = δaˆ
†aˆ−Kaˆ†aˆ†aˆaˆ+ Ep(aˆ†2 + aˆ2). (S16)
Under a displacement transformation D(α0) the new Hamiltonian reads
Hˆ ′z = (−2Kα20α∗0 + 2Epα∗0 + δα0)aˆ† + c.c.
+ (−Kα20 + Ep)aˆ†2 + c.c.− 4K|α0|2aˆ†aˆ+ δaˆ†aˆ−Kaˆ†2aˆ2 − (2Kα0aˆ†2a+ c.c.), (S17)
where we have dropped the constant term E = −K|α0|4 + Ep(α20 + α∗20 ) + δ|α0|2 representing a shift in energy.
For the coefficient of the aˆ, aˆ† terms to vanish,
−2Kα20α∗0 + 2Epα∗0 + δα0 = 0, (S18)
so that,
Hˆ ′z =
δα0
2α∗0
aˆ†2 + c.c.− 4K|α0|2aˆ†aˆ+ δaˆ†aˆ−Kaˆ†2aˆ2 − 2Kα0aˆ†2a− (2Kα∗0aˆ†aˆ2 + c.c.). (S19)
Again, we follow the derivation outlined in the previous section to find that, if |δ|  2Ep, then the eigenstates of the
system are |±α0〉 where α0 =
√
(2Ep + δ)/2K. Because of the non-orthogonality of these states, the term aˆ†aˆ has
non-zero matrix elements 〈α0|aˆ†aˆ| − α0〉 = −|α0|2e−2|α0|2 .
VIII. EVOLUTION DURING THE GATE OPERATIONS
In this section, we provide more details on the performance of the single qubit Rˆz¯(θ), Rˆx¯(θ) and two-qubit gate.
Fig. S5a) shows the probability for the system to be in the state |C−α0〉 under evolution of the system with H0 +Hˆz and
single-photon loss for the system initially in |C+α0〉. As expected, the probability shows a period of pi/4Ezα0. In the
same way, Fig. S5b) shows the probability for the system to be in the |−α0〉 state under evolution of the system with
H0 + Hˆx and single-photon loss for the system initially in |α0〉. Again as expected, the probability shows a period of
pie2|α0|
2
/4δx|α0|2.
As we saw in sections VI and VI, the mapping of the eigenstates to the coherent states |±α0〉 is valid only when
Ez  4K|α0|3 and δ  2Ep. As a result, the gate performance depends on Ez/4K|α0|3 and δ/Ep. To demonstrate
this, Fig. S5c) shows the probability of the system, initialized to |C+α0〉 at t = 0, to be in the state |C−α0〉 after a time
T = pi/4Ezα0. The strength of the two-photon drive is fixed to Ep = 4K and to take into account the errors induced
only due to large Ez we use κ = 0. Similarly, Fig. S5d) shows the probability of the system, initialized to |α0〉 at t = 0,
to be in the state |−α0〉 after a time T = pi/4δ|α0|2 exp(−2|α0|2), with Ep = K and κ = 0. As the figures indicate,
with increasing Ez and δ the probability of achieving a perfect Z and X rotation decreases respectively. The small
oscillations in the probability show that the eigenstates of the Hamiltonian are no longer coherent states.
Finally, for the entangling gate the system initialized to the product state |C+α0〉 ⊗ |C+α0〉. Figure S5(c) shows the
time evolution of the probability for the system to be in the entangled state |ψe〉 = |α0, α0〉+ i|α0,−α0〉+ i|−α0, α0〉+
|−α0,−α0〉 and the expected periodicity, pi/8|Ezzα20|, is observed.
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FIG. S5. (a) Probability for the system to be in state |C+α0〉 (green) and |C−α0〉 (red) for Ep = 4K, Ez = 0.8K, α0 = 2. (b)
Probability for the system to be in state |α0〉 (green) and |−α0〉 (red) for Ep = K, δ = K/3, α0 = 1. Single photon loss for the
simulations (a,b) is κ = K/250. (c) Probability for the system to be in the state |C−α0〉 at time T = pi/4Ezα0 when it was initialized
to the state |C+α0〉 at t = 0. (d) Probability for the system to be in the state |α0〉 at time T = pi/4δ|α0|2 exp(−2|α0|2) when it
was initialized to the state |−α0〉 at t = 0. (e) Probability for the system to be in state |α, α〉+ |α,−α〉+ |−α, α〉+ |−α,−α〉
(green) and |α, α〉+ i|α,−α〉+ i|−α, α〉+ |−α,−α〉 (red) for Ep = 4K, Ezz = K/5, α0 = 2. Single photon loss for the simulations
is κ = K/250. The Bloch sphere is shown on the top left to illustrate the rotation axis.
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FIG. S6. Time dependence of the fidelity of the cat state, with κ 6= 0, K = 0, Ep = 0 (solid green line), K = 20κ, Ep = 0 (solid
black line), and K = 20, Ep = 4K (solid red line).
IX. FIDELITY OF A CAT STATE IN KNR WITH AND WITHOUT TWO-PHOTON DRIVE
As explained in the main text, the fidelity of a cat state decreases faster in a KNR compared to a linear one. This is
illustrated in Fig. S6 which compares the time-decay of the fidelity of a cat state |C+2 〉 initialized in a linear resonator
(solid green line) and KNR (solid black line) with single-photon loss. In order to account only for non-deterministic
errors, the fidelity in the lossy KNR is defined with respect to that of a lossless KNR. The cat state can be stabilized
against Kerr-induced rotation and dephasing by the application of a two-photon drive chosen such that its amplitude
Ep satisfies Eq. (??). This is confirmed by the time dependence of fidelity in Fig. S6 (solid red line). As explained
above, in a two-photon driven Kerr-resonator, a single-photon loss will only cause random jumps between the cat
state |C±α 〉 i.e., there is no energy relaxation, resulting in higher state fidelity than a linear cavity.
8X. QCMAP GATE WITH TWO-PHOTON DRIVING
Following Refs. [8, 9], we briefly describe the qcMAP gate protocol used to generate Fig. 4 of the main paper. The
qubit is initialized to (|e〉 + |g〉)/√2 and the resonator to the coherent state |iα0〉 (for simplicity we assume that α0
is a real number). The qubit and the resonator interact for a time Tgate according to the ideal dispersive interaction
Hˆdisp. =
g2
∆ aˆ
†aˆσz, the full Jaynes-Cummings interaction, Hˆj.c. = ∆σˆz + g(aˆ†σˆ−+ aˆσˆ+) or the full JC interaction with
two photon drive Hˆc = Hˆj.c. − (Epaˆ†2 + E∗p aˆ2). During this first step, the qubit and resonator ideally evolve to the
entangled state (|α0, g〉 + |−α0, e〉) ignoring normalization. Next, an ideal displacement operation D(α0) transforms
the state to (|2α0, g〉+ |0, e〉). This is followed by an ideal qubit rotation conditioned on the number of photons in the
resonator which is applied to disentangle the qubit from the resonator. This leaves the system in (|2α0〉+ |0〉)⊗ |g〉.
Finally, an ideal displacement of the resonator by −α0 results in the cat state |α0〉+ |−α0〉. The Wigner function of
this final state is shown in Fig. 4 of the main paper. In the simulations, we used the parameters: g/2pi = 111.4 MHz,
∆/2pi = 1.59 GHz, κ/2pi = 7 KHz, Ep = Eopeiφ, Eop/2pi = 557 KHz and φ = pi/2.
In order get an understanding for the phase and amplitude of the required two-photon drive, we examine Hˆc by
expanding the Jaynes-Cummings interaction to the fourth order [10]
ˆ˜Hc = ∆σˆz +
g2
∆
aˆ†aˆσˆz − g
4
∆3
(aˆ†aˆ)2σˆz − (E∗p aˆ2 + Epaˆ†2)
∼ ∆σˆz + g
2
∆
aˆ†aˆσˆz − g
4
∆3
aˆ†2aˆ2σˆz − (E∗p aˆ2 + Epaˆ†2), (S20)
where we have assumed g2/∆− g4/∆3 ∼ g2/∆.
To simplify the discussion, we now replace σˆz by its average value in the above expressions. In other words, we
consider an infinite T1 qubit. Going to a rotating frame, the above Hamiltonian then takes the form
ˆ˜Hc = − g
4
∆3
aˆ†2aˆ2〈σˆz〉 − (E∗p aˆ2ei(g
2/∆)〈σˆz〉t + Epaˆ†2e−i(g2/∆)〈σˆz〉t). (S21)
We are interested in time Tgate such that the coherent states have rotated by ±pi/2 depending on the state of the
qubit, i.e., (g2/∆)Tgate = pi/2. At this particular time, the above Hamiltonian reads
ˆ˜Hc = −Kaˆ†2aˆ2〈σˆz〉 − (E∗p aˆ2eipi〈σˆz〉/2 + Epaˆ†2e−ipi〈σˆz〉/2) (S22)
where K = g4/∆3 and 〈σˆz〉 = ±1. By comparing the above Hamiltonian with that of Eq. (1) of the main paper,
we find that a two photon drive of amplitude Ep = −iKα20 will ensure that the coherent states |±α0〉 or (|α0, g〉 +
|−α0, e〉 with the qubits) are the eigenstates of the Hamiltonian. In practice, the amplitude of |Ep| in the numerical
simulations is slightly smaller than that predicted here because of the higher-order contributions of the Jaynes-
Cummings Hamiltonian.
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